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Abstract. In a previous paper we showed that for every polar- 
ization on an abelian variety there is a dual polarization on the 
dual abelian variety. In this note we extend this notion of duality 
■ to families of polarized abelian varieties. As a main consequence 

| we obtain an involution on the set of moduli spaces of polarized 

abelian varieties of dimension g. In particular, the moduli spaces 
' Aidx d ) an d A, , d-tdg didg . are canonically isomorphic. 

1. Introduction 



Let k be an algebraically closed field and (d±, . . . , d g ) a vector of pos- 
q \ itive integers such that di\di+i for all z = 1, . . . , g — 1 and char k jfd g . 

Then the coarse moduli space A^,...,^) of polarized abelian varieties 
^ . of type (di, ... , d g ) over k exists and is a quasi-projective variety of di- 

O '. mension ^g(g + l) over k. The main result of this paper is the following 

theorem. 

r-| ■ Theorem 1.1. There is a canonical isomorphism of coarse moduli 

spaces 



X 



d„_ 1 ' ' d 2 ' SI 



For the proof we show that there is a canonical isomorphism of the 
corresponding moduli functors. Namely, for every polarized projective 
abelian scheme (A — > S, A) we define a dual abelian scheme (A — > 
S,X 5 ). Here A — > S is the usual dual abelian scheme and X s is a 
polarization on A/S with the property (A* 5 ) 5 = A. Hence it makes 
sense to call X s the dual polarization of A/S. 

There are several possibilities to define the polarization X s . In sec- 
tion 2 we define a polarization X D by inverting the isogeny A : A — > A. 
If A is given by a line bundle £ we define in section 4, using Mukai's 
Fourier functor, a relatively ample line bundle £ on A inducing a po- 
larization 0£ of A. Both polarizations are defined even in the non 
separable case. We show that they are multiples of each other. If A 
is a separable polarization of type (c?i, . . . , d g ), then X s = diX D , and if 
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moreover \ = <pc with a relatively ample line bundle £ on A/S, then 
= d% ■ ■ ■ = d-2 ■ ■ ■ d g -i\ s . 

2. The Dual Polarization X s 

Let it : A — > S be an abelian scheme over a connected Noetherian 
scheme S. Grothendieck showed in O that if A/S is projective, the 
relative Picard functor Vic° A ^ s is represented by a projective abelian 

scheme 7r : A — > S, called the dual abelian scheme. According to a 

theorem of Cartier and Nishi there is a canonical isomorphism A A 

over S. We always identify A with its bidual A. 

For any a G A(S) let t a : A — > A denote the translation by a over S. 
Any line bundle £ on A defines a homomorphism 

(pc-A — >A 

over S characterized by 4>c(a) '■= t*^®^ 1 for all a G A(S). The bidu- 
ality implies that <p£ is symmetric: <pc = <Pc- Clearly <pcm*M = 'Pc f° r 
any line bundle M. on S. Moreover <pc is an isogeny if £ is relatively 
ample. 

A polarization of ix : A — > S is a homomorphism A : A — > A 
over S such that for every geometric point s of S the induced map 
A s : A s — > A s is of the form A s = <pi for some ample line bundle L of 
A,. (Here A s := (A) s = (A S J) 

Obviously for any relatively ample line bundle £ on A/S the homo- 
morphism <ftc is a polarization. Conversely not every polarization of 
A is of the form 0£. However, if A : A — > A is a polarization, then 
2 A = <pc for some relatively ample line bundle £ on A/S (see | |1V11 
Prop 6.10, p.121). 

Let A : A — > A be a polarization of A. Its kernel K(X) is a com- 
mutative group scheme, finite and flat over S. According to a Lemma 



of Deligne (see |OTj| p. 4) there is a positive integer n such that K(X) 
is contained in the kernel A n := ker{n^ : A — > A} where denotes 
multiplication by n. The exponent e = e(A) of the polarization A is by 
definition the smallest such positive integer. 

Theorem 2.1. There is a polarization X D : A — > A = A of A, 

uniquely determined by X, such that X D o X = ca and X o X D = e A . 

Proof. Since K(X) C A e by definition of the exponent, there is 
uniquely determined homomorphism A D : A — > A such that A D o A 
eA- Hence 

(A o A D ) o A = A o (A D o A) = A o e A = e A o X. 



a 
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So A o X D = e^, the homomorphism A being surjective. It remains to 
show that X D is a polarization. For this suppose s is a geometric point 
of S. So A s and A s are abelian varieties over an algebraically closed 

field. It is well known that a homomorphism ip : A s — > A s = A s is of 
the form <pM for some M G Pic(A s ) if and only if ip is symmetric: tp = ip. 
So using X s = X s and dualizing equation Af o A s = tA a gi ye K ° Af = 
A s oAf = e^j Comparing this with the equation A s oAf = and using 
the fact that A s and e^ g are isogenies, implies Af = Af. Hence there is 
a line bundle M on A s such that Af = 0a/, and it remains to show that 
M is ample. For this note that 4>\* 3 m — \°4 > M°\ — A s oAfoA s = e\ s . 
Now e\ s being a polarization implies that A*M, and thus also M is 
ample. □ 

A polarization A : A — > A is called separable if for every geometric 
point s : Spec(fc) — > S the characteristic of k does not divide the 
exponent e(A s ) of X s . In this case 

K(X S ) = ker(A s ) ~ (Z/diZ x • • • Z/d g Z) 2 

with positive integers d±, . . . ,d g such that di\di + \ and rf 9 = e(A s ) (see 



M2|| p. 294). Since the base scheme S is connected and K(X) is 
an algebraic group scheme over S with K(X) S = K(X S ) the integers 
dx, ... ,d g do not depend on s. The vector (dx, ■ ■ ■ , rf s ) is called the type 
of the polarization X. 

Proposition 2.2. Suppose X is a separable polarization of the abelian 
scheme A/S of type (dx, ■ ■ ■ , d g ). Then the polarization X D of A/S is 



separable of type (1, . . . , J) . 

Proof Let s be a geometric point of S. Equation Xf o X s = e(X 
implies that the exponent e(Af ) of Xf divides e(A s ) = d g , hence A D is 
separable. Moreover 

K(Xf) =ker(Af ) = ker(e(A s ) A J/ker(A s ) 

~(Z/d g Z) 29 /(Z/dxZ x ■ ■ ■ x Z/d g Z) 2 

^(Z/^Z x • • • x Z/JZ) 2 . 

□ 

If A is a separable polarization of type (dx, ■ ■ ■ , d g ), then Proposition 
|27| implies that (X D ) D is of type (1, ^, . . . , ^-) and hence does not 
coincide with A if dx ^ 1. However for 

A 5 := dxX D 

we have 

Proposition 2.3. (X 5 ) 5 = X 



s A 3 
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Proof. By definition X s is of type (di, j^, ■ ■ ■ , -jj^-, d g ). So both A 

and X s have exponent d g . Applying Theorem [O] to A and X s we get 
A 5 oA = di(X D oX) = {d 1 d g ) A = d 1 (X 5 o(X s ) D ) = X s o(X 5 ) 5 . This implies 
the assertion. □ 

3. Applications to Moduli Spaces 

Let k be an algebraically closed field and S the category of schemes of 
finite type over k. Fix a vector (di, . . . , d g ) of positive integers such that 
di\d i+ i and char k J[d g . Consider the functor A^ dlt ^ dg ^ '■ $ ~^ {sets} 
defined by 

S i— ► {isomorphism classes of pairs (A — > S, A)} 

where A — > S is a projective abelian scheme of relative dimension g 
over S, and A : A — ► A is a polarization of type (di, . . . , d g ). Note that 
any such polarization A of A is separable by the assumption on the 
characteristic k of S. 

Recall that a coarse moduli scheme for the functor A( di dg ^ is a 
scheme *4.(<z lr ..,d 9 ) of finite type over k admitting a morphism of functors 

a A( dl ,...,d g )(-) -^ Hom (->A<iwi 9 )) 

such that 

(1) a(Spec/c) : .A^,...^) (Spec k) -> Hom(Spec fc, -4(d lv ..,d 9 )) is a 
bijection, and 

(2) for any morphism of functors (3 : sA^i,...,^ )( • ) — > Hom( • , B) 
there is a morphism of schemes / : A(d 1 ,...,d g ) B such that 
(3 = Hom( • , /) o a. 

It is well known that a uniquely determined coarse moduli scheme 
A{d 1 ,-,d 9 ) exists (see ||M1|| ). Moreover it is clear from the definition that 



an isomorphism of functors induces an isomorphism of the correspond- 
ing coarse moduli schemes. This will be used to prove the following 

Theorem 3.1. There is a canonical isomorphism of coarse moduli 
schemes 

A(d u ...,d g ) > A, d pdg_ d^dg_ y 

y d g~l d 2 ' 91 

Proof. By what we have said above it suffices to show that there is a 

canonical isomorphism of functors A (d A \ — > A,, did, did, , But 

—( dl ,..., dg ) —(d-^,-^-,...,^-^) 

: S the canonical map Aj di 

defined by 



for any S G S the canonical map A/ dl ^ d \ (S) — > A,, d^dg d^dg , JS) 

' ^ 1,£i g-l d 2 ' 9 ' 



(A —> S, \) \-> (A —> S, \ 



has an inverse, since A = A by the biduality theorem and (X s ) 5 = X 



by Proposition |2l| Moreover this is an isomorphism of functors, since 
(Xt) S = (X s )t for any morphism T — ► S in S. □ 
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4. The Dual Polarization via The Fourier Transform 

In Section 2 we denned for every polarization A of a projective abelian 
scheme A/S a polarization X D of the dual abelian scheme A/S. Now 
suppose X = 4>c for a relatively ample line bundle C on A/S. In this 
section we apply Mukai's Fourier transform to define a relatively ample 
line bundle L on Aj S which induces a multiple of X D . 

Let 7r : A — > S be a projective abelian scheme over a connected 
Noetherian scheme S of relative dimension g. Let V = Va denote 
the normalized Poincare bundle on A x s A/S. Here normalized means 
that both (e x 1^)*V and (1^ x e)*V are trivial, where e : S — ► A and 
e : S — > A are the zero sections. Denote by p\ and P2 the projections 
of A x s A. A coherent sheaf M. on A is called WIT- sheaf of index i 
on A if BipiSP ® p\M) = for j ^ i. In this case 

F(M) := R i p 2 ,{V®p* l M) 

is called the Fourier transform of M.. Let £ be a relatively ample line 
bundle on A/S. The scheme S being connected, the degree d := h°(C s ) 
is constant for all geometric points s of S, it is called the degree of C. 
By the base change theorem £ is a WIT-sheaf of index and its Fourier 
transform F(C) is a vector bundle of rank d. Define 

t := (det F(£)Y\ 

Let e = e(4>c) be the exponent of the polarization 0£. The main result 
of this section is the following 

Theorem 4.1. £ is a relatively ample line bundle on A/S such that 

e( j) t = d(j)%. 

If 4>c is a separable polarization of type (d\, . . . , d g ) then e = d g and 
d = d\ ■ . . . ■ d g . So (f)£ is a multiple of 0^ : 

<f)£ = di- d g - X <\> D c- 

In the non separable case e\d 2 by Deligne's Lemma but it is not clear 
to us whether e\d. 

For the proof we need some preliminaries. 

Lemma 4.2. Let if : A — > B be an isogeny of abelian schemes and 
M. a WIT-sheaf on A, then ip*Ai is a WIT-sheaf of the same index on 
B and 

F B (<p*M) = <p m F A (M). 
Here F& and Fb denote the Fourier transforms of A and B respectively. 



The proof is the same as in the absolute case (see 



(3.4)). 
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Lemma 4.3. Let M. be a WIT-sheaf of index i on A and T a locally 
free sheaf on S. Then ix*T ® M. is a WIT-sheaf of index i on A and 

F(tt*F ®M) = k*T <g> F{M). 
Proof. Using tt o p 1 = tt o p 2 and the projection formula we get 

=rf(g)Rip 2 ^V®p* 1 M) 

'k*F®F(M) ifj = i 
otherwise. 

This implies the assertion. □ 

Proposition 4.4. Let C be a relatively ample line bundle on A/S. 
Then C~ l is a WIT-sheaf of index g satisfying <p* c F(£) = n*n*C® C~ l . 

Proof. The first assertion follows from Serre duality. Denote by qi, q 2 '■ 
A x 5 A — > A the projections. Then 

7T*7T*£ ® ZT 1 = q u {q 2 - q x )*C ® C' 1 

^ (using flat base change with tt o q 2 = n o (q 2 — q x ] 

= «u((?2-fc)*£®c&C- 1 ) 

= q2*({(-i) A xfayv®qt(-iy A £ 

applying the formula ((-1) a x<fic)*V = (Q2-qi)*jO,<S>q*(-l) A jO.' 1 (. 

<&Z~ X ' 



<to\(-l)AX<l>cY{V®p\C>) f 
<ficP2*(V ®p\C) (by flat base change) 
f c F(C). 



□ 



of Theorem CO. By Proposition 4.4 we have 



<f>* c (C) = (det <f>* £ F{cj) 1 = (detin^CsC' 1 )) * = vr*(det nXy 1 ®^ 

since h*tt*C is a vector bundle of rank d. This implies that L is rela- 
tively ample. Moreover 



O fi O 

implies that 



C ° ° VC = 9^* C C = </V(det7r.£)- 



^ o ^ = d A and 4>c° 4>£ = ^A- 



Comparing this with Theorem [2.1| gives the assertion. □ 
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